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Thisworking paper develops some evolving thoughts on a description of market time series that are
closely tied to observable data. The goal isto extract as much information as possible from easily
available data, developing a model that closely fits observation while adding some theory which appears
consistent with the observations at hand. Where assumptions are made they must be as ssimple as
possible, and they should be subject to change as the system evolves. The paper has links to the
mathestate website which add to the description with Mathematica code to assist the analysis. Comments

are welcome. Send email to mathestate@agmail.com. Printable version in pdf format.

Price Time Series and Returns

The Figure [1] shows atypical time series of prices, of the SPY ETF. The pricesrise and fall over

time. Investorswould like to know the return in the future, but they may have to accept from the outset
that such knowledge is most likely not possible. The goal of this presentation is to formulate ideas for
modelling market behavior with quantitative methods which will aid in assessment of risk and reward in

financial markets.
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Figure[1]

The focus will be on the variation of price differences in the past, with the hope that analysis of this
experience will yield measures of risk that can be extended into the future. Logarithmic returns provide
the most consistent basic measure of price differences because they are summable to generate interval log
returns; if needed the time series can be reconstructed with the knowledge of the price at any one point in
the log return time series. Figure [2] shows atypical daily time series.
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Figure[2]

Volatility in returns may be ssmply modelled with a moving average of the absolute value of the log
returns. Figure[3] suggests that volatility of the time seriesis not stationary and probably cannot be
model ed with the assumption that there is a single statistical distribution from which the return datais
drawn. Figure [4] shows the same plot with a superimposed plot of athe moving average of the absolute
value of asimulated normal variation of random data generated from the standard deviation and mean of
the distribution of the sample log returns.


http://www.mathestate.com/tools/Financial/r01/LogarithmicReturns.html

30 Trading—Day Moving Average
Abs[Log Returns] —— SPY

0020 N §
0.015 [ .
0.010 | m;l | ﬂ L. u ‘ _'
0.005 ﬁM ’u Hh\f LJW'UU |
IE'E-"ﬁ 200 2005
Figure[3]
Simulation Normal Distnbution Assumption (red)
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Figure [4]

Such a stationary normal distribution is acommon assumption in the financial literature, but it does not
account for the extreme variation seen in market returns. The absolute magnitude of the variation is
simply much larger than range than allowed with the normal distribution assumption. Market data have
heavy-tails. Additionally thereisclearly change in of the magnitude of the variation with time --


http://www.mathestate.com/tools/Financial/r05/FatTails.html

suggesting that the distribution is not stationary. If these observations are ignored and the distribution is
presumed stationary and normal, Figure [5] shows the fit calculated from the standard deviation and mean
of the log return sample with the assumption that the data are normally distributed. Thefit of the density
to the data histogram is poor.

so b .
4| il
E I
ok
L I
10F
—0.08 ~0.04 —0.02 0 0.02 0.04

Figure[5]

A Jarque-Beratest on the data, shows the Jarque-Bera chi-square statistic followed by the probability that
the sample is drawn from anormal distribution -- zero.

[2328.46, 0.

But the worst part of the assumption of anormal distribution is that the tails of a normal distribution taper
very rapidly, so the normal assumption will exclude the possibility of extreme returns. However, such
events are frequently seen in financial markets.

Stable Distributions

Thereisaclass of distributions, called stable distributions, which may have of heavy tails. The class
derives its name from the property that the shape of the distribution is unchanged (stable) if random
variables from the distribution are summed. The normal distribution also has this property and it belongs
to the class of stable distributions, but itstails are light. All other members of the class have heavier tails
ranging from slightly heavier than to normal to extreme. Mandelbrot in 1963, suggested this class of
distributions for certain financial data after studying the returns from cotton prices over a

century. Mandelbrot knew that successive price changes did not appear to be independent and that price
time series did not look like it was stationary, but he argued that the large instantaneous price changes and
infinite variance permitted by stable distributions could account for the appearance of non-stationarity and
further that the patterns of dependence might have alarge probability of occurring by chance in the setting
of stable distributions.

Stable distributions, although attractive in theory, are difficult to calculate. There are only three members



http://en.wikipedia.org/wiki/Jarque-Bera_test
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of the class with simple formulae for their densities, the normal, Cauchy, and Levy distributions. They
are shown below, plotted with the same scale factor. The normal distribution in blue is symmetric and
has light tails; it is the only stable distribution for which variance or the second moment exists. The
Cauchy distribution in red is also symmetric, but hastails that are so heavy that no expectation or mean
existsfor the distribution. The Levy distribution in gold, likewise has no expectation and is totally
skewed.

Normal, Cauchy, and Levy Distributions
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Figure[6]

The difficulty in accurately calculating the general case was overcome with faster computers and a
numerical integration algorithm by Nolan in the 1990s. Figure [7] shows afew general stable distribution

densities with tail exponents greater than the Cauchy distribution (expectation exists, but variance does
not).
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http://academic2.american.edu/~jpnolan/stable/stable.html

Figure[7]

With the ability to compute stable distributions, we can fit our log return data to a stable
distribution. Figure [8] shows that the fit is much better than that of the normal distribution, along with
the stable parameters, {a, B, v, 6}.

Stable Fit to SPY Log Returns
la, B.v¥, 8} ={1.64457 -0.13478, 0.00603307, 0.000107322
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Figure[8]

Presently there is no good method to determine whether a sample is drawn from a stable distribution. On
alog-log plot of the distribution function, the tails of a stable distribution become linear with the slope
given by the shape parameter, a. Figure[9], below, shows alog-log fit to the cumulative distribution
function. To align thetails, the absolute value of the left tail is shown in blue; the right tail is shown as
1- probability inred. In thisformat stable distributions with o < 2, show linear parallel tails with the
slope of minusa. If B iszerothetailsare superimposed (when 3 = £1, the lighter tail isnot linear). The
tail of aNormal distribution calculated from the sample is shown in green and isnot linear. The dots
show the data points of the respectivetails.
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Figure[9]

Figure [9] presents a huge problem mathematically. Although the tails of the data are heavier than a
normal distribution and are nearly linear, they are not heavy enough to obey stable laws. Calculation of
the tail exponents, Figure [10], shows that the tail exponents are high enough (light enough) that sums of
random variables from such a power tail distribution will converge to anormal distribution, by the central

limit theorem. For most researchersthisisthe end of the story: financial returns are not from stable
distributions.


http://www.mathestate.com/tools/Financial/s07a/PowerTail.html
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Figure [10]

Non-Stationary Distributions

All of the data analysis in the previous section was based on a bad assumption, namely that financial time-
series are stationary. Even with the assumption the data seem to suggest that a stable model is more likely
than anormally distributed model, because of the frequency of extreme events seem in financial

markets. Figure[11] displays an autocorrelation function of the volatility modeled as the absolute value
of log returns. The graph shows that autocorrelation persists for up to ahundred day lag in the data. This
indicates a non-random structure to volatility, even though it is hard to show persistent autocorrelation in

the raw log return data.
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Figure[11]

So the data are not completely random. Thereis astructure of serial dependence in volatility as measured
by absolute value of logarithmic returns. Stable distributions have the mathematical property that the
absolute mean deviation of a sample from a stable distribution with given parameters{a, B, vy, 6}, IS
proportional to the scale factor, y. Figure[12] shows aplot of the estimate of gammafor a moving look
back over the previous 30 days. Using such asmall sample, leads to high probability of error in the
estimate, nevertheless, the plot is strikingly similar to the moving average of the absolute value of 1og
returns.
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http://www.mathestate.com/tools/Financial/r07/Volatility.html

When the data are rescaled by simply dividing by this estimate of gamma, the pattern of serial
dependence in the autocorrelation function seems to disappear, Figure [13].
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Figure [13]

Figure [14] shows the stablefit to the rescaled data. The tail exponent of the data pointsis now consistent
with stable behavior. Thisisnot aproof! But the data do seem to fit amodel of a non-stationary stable
distribution, with the major change over time being due to the scale factor.
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Figure[14]

Hereis ahypothesis of how such amodel could arise. In markets structured by a continuous double
auction, market orders and limit orders are constantly flowing into the system. When equal numbers of

market buy and sell orders arrive in asmall finite interval they are matched at the last price. If thereisan
excess of buy or sell market orders, then they are matched against the ordersin the sell or buy limit order
books and the price changes. The magnitude of the change is dependent on the structure of the limit order
books. Thisisan areain need of more research, but some investigations into the limit order books have
suggested that they do lead to heavy tailed returns. By the generalized central limit theorem, sums of

random variables from power tail distributions having atail exponent less than two will converge to stable
distributions. It isalso not hard to imagine that the structure of the limit order books will not be static, but
will immediately respond to market conditions. If the scaling isthe major response to changes in the
markets, then amodel of stable random noise with amplitude modul ation, may be a reasonable starting
structure. Almost certainly things are more complicated, but more research into the mathematics of a non-
stationary stable model may lead to useful results.

The structure of the volatility parameter, v, isinteresting. Although there is a strong pattern of serial
dependence in the data, a histogram of the datais nicely fit by the lognormal distribution. This
phenomenon suggests that a statistical distribution might be designed for market data as a distribution
arising from the product of alognormal random variable and a stable random variable. A lognormally

scaled stable distribution has been created.

High Resolution Data

We have been collecting minute by minute price data on the SPY ETF for more than ayear. These data
allow us to take the above ideas further without having to estimate volatility over long periods of
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time. Rather, we can estimate the stable gamma from each day's logarithmic price changes; thereis no
time lag in the estimate. Figure [15] shows the closing daily price of SPY and the calculated stable scale
factor, gamma, for each day from the minute by minute intra-day log returns.
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Figure [15]

Aninverse relationship in the trend of volatility and the trend of market priceis apparent. Figure [16]
shows the trend of daily volume over the same time frame.
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Clearly volatility isrelated to volume. Over longer time frames this relationship is not so tight as volume
appears to be rising over time and the market's capacity to handle volume isincreasing over time. Thus
volatility amplitude changes in the past would be associated with lower magnitude of volume than they
are today.

It seems possible to begin to draw some conclusions from the pictures above.
1. The trends of prices and volatility are inversely related.

2. For short periods of time--as ayear--volatility and volume are closely related. Over long periods of
time thisrelationship is less clear because volume seems to have an independent time related growth rate.

3. Peaks of volatility form more quickly than volatility decays. There seemsto be cyclic behavior, but the
occurrence of the peaksisnot likely predictable.

4. The magnitude of the valleys of the volatility (stable gamma) till isrising. We imagine that we will
have to see alower valley, before we can believe that there is a decreasing trend in volatility. The market
peak last October occurred at the lowest valley in volatility in recent data.

Figure [17] showsthat if we adjust out the daily volatility, by dividing each day's data by the average
daily scale factor we get very close to a stable model, particularly in the tail behavior of the log-log
distribution fit. Thewigglein the tails can be accounted for by the intra-day cycle of higher volume and
volatility during the hours near to the market open and close. For more details on these phenomena see
the Market Data page.
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We now generate two new hypotheses.

1. Almost all the information, statistically non-random behavior, economists "rational” behavior, in the
market time seriesis contained in the volatility curve, which iswell represented by a non-stationary stable
y parameter. When this is adjusted out, what remains is a stable random model.

2. Thevolatility curve can be predicted by runs, of volume. High volume increases the probability of
mismatched market buy and sell orders, causing deeper excursionsinto the limit order books of the
continuous doubl e auction; this causes the changesin volatility. That is: herd behavior causes the
volatility. Investors are not logically rational, rather they behave like the parable of the Norwegian
lemmings.

If the above ideas are correct, then we can make predictions from the daily volatility measurements. The
extreme returns plot, Figure [18], clearly shows that markets rise more consistently when extreme returns
are lessfrequent. The red dots show the extreme returns outside the quantile range [0.02, 0.98], return
scale on theright.
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