Thanks, Louis, You Were Right!! 100
Years of Heavy Tails—The Hypothesis
That Won’t Go Away

Roger J. Brown®

Preamble

I wrote the first draft of this at the turn of
the present century, very near the actual
100th anniversary of the publication of Louis
Bachelier’s thesis. Little did | know that the
refinement of the paper, review, and publica-
tion process would cover years in which
tumultuous events would draw the subject of
finance and real estate to dramatic and near-
disastrous proximity. As this article ap-
proaches publication the arcane subjects of
extreme value and heavy tails, once dwelling
in the obscurity of academia, have emerged
to enter the lore of the popular press. Today
the idea of an ordered, normal world is vigor-
ously debated at all levels of society. Whether
this piece offers insight or merely adds to the
cacophony | leave to the reader to decide.

—RJB

Introduction

It must have been no small satisfaction to
Louis Bachelier' when the great French math-
ematician Paul Levy wrote him a letter of
apology for misinterpreting and ridiculing the
work of his dissertation some 30 years
earlier.? If the two were alive today, Levy
could collect a number of signatures also

thanking Louis.

Although apparently unaware of Bachelier’'s
work, Einstein's theory of relativity is based
on it. The lto calculus that lead to the Black-
Scholes model is derived from it. Our ability
to transfer data over telephone lines is based
on it. Orange County, Barings Bank, and Long
Term Capital Management all paid a high
price for ignoring it.® In the real world, anyone
with a bumper sticker that proclaims “S* * *
Happens” knows about it. The simple fact is
that we live in a world where extreme values
occur, create heavy tailed distributional
outcomes and, on occasion, profoundly influ-
ence our lives.

The formal name for distributions with
heavy tails is “stable” or “Stable-Paretian
(SP)” because they approach a Pareto
distribution.* Why, then, does academic real
estate resist it so mightily? Is it simply the
defense of the dominant theory? Is it turf
protection among tenured faculty who “know
what they know” and shun change? Or is it
traceable to the practical difficulties of
implementation? These all constitute the
usual suspects that block establishment and
acceptance of a new paradigm.

Rather than pick one of these, this paper
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seeks 1o review the present condition of
heavy tail thought, acknowledge its weak-
nesses, highlight some recent relief from
technological barriers that offer a light at the
end of the implementation tunnel, and point
the way to a new direction that accom-
modates reality without sacrificing elegance.

Important Developments of the Last Half
of the 20th Century

The work of Mandlebrot® in commodity
prices and Fama® in stock prices was heroic.
They had to deal with data in written form
and illustrate their findings on Log-Log paper
with a #2 lead pencil. Roll’” used a computer
to find the heaviest of heavy tails in interest
rates. All of this was done without knowing if
stable distributions were unimodal, something
proved by Yamazato,® and with no way to
cross the important o = 1 parameter value,
which McCulloch?® later resolved.

Using McCulloch’s tables, and after a
three-year struggle to get published, Young
and Graff'® showed that heavy tails are
pervasive in Tier Il real estate.'* Brown™
extended that to Tier Il real estate with simi-
lar findings. Very recently, Nolan®™ made pos-
sible the estimation of stable parameters
across the entire parameter space using nu-
merical integration in a Fortran environment.
McCulloch™ used real estate data to show
that beta estimates are substantially mis-
stated when regression is performed in the
presence of stable disturbances.

Stable regression has been implemented
in MatLab and SPlus and will soon be avail-
able on the internet. Due to Rimmer,* today
it is possible to generate stable random
numbers, estimate parameters and confi-
dence intervals, create a pdf and CDF for a
stable distribution and examine tail behavior
in a wide range of ways over the internet.

What was once a tedious and unpleasant
task fraught with theoretical problems is now
accessible to virtually anyone with a
computer.

Still, many in academic real estate are not
persuaded. This, in the face of unassailable
evidence that the assumption of normality
understates risk in every case where heavy
tails exist, simply because the normal distri-
bution (which is just one of the family of an
infinite number of stable distributions) acts as
a blinder, precluding the consideration of
extreme values. We hope this is neither
institutionalized myopia nor psychological ar-
terial sclerosis.' The purpose of this paper is
to examine what valid reasons may exist and
suggest a path out of the thicket.

Why Modern Portfolio Theory' is so
Enduring

Classical philosophic thought strives for
the maximum generality. Everyone salutes
the theory with wide application in a univer-
sal sense (think planetary heliocentric theory
here). In social sciences, where mathematics
are co-opted for sustenance, one hopes that
any theory finds support along the entire real
number line (-, =) and is buttressed by a
closed form analytic solution. Theories lack-
ing these properties are understandably
suspect. The stable hypothesis relies on
numerically intensive solutions and must
often resort to particular bounded areas of
parameter space for a solution, either of
which has the smell of ad hoc to the serious
philosopher.

Reasonable questions include:

e Are we to rely on charming rogues with
computers for our theories?

e Can a practical application with intuitive
merit rise to the level of a theory?
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e Will the estrangement of theory and
practice widen or narrow at this critical
time?

Markowitz’ great insight was that risk could
be managed independently of return.”® He
showed us how to double the number of
investment decisions parameters and his
proof, thanks to some strong assumptions,
has a closed form solution. Key to his contri-
bution is the position that only one parameter,
variance, describes risk. In 1952 when no
parameters addressed risk this was simply a
big deal.

Finance as an academic discipline was
carved out from microeconomics by relaxing
the assumption of perfect certainty. It may be
that academic real estate will find its birthright
by relaxing the assumption of normality. Valid
precedence for this, set forth by a pioneer in
mathematical statistics, is Mandlebrot’s sug-
gestion of Second Stage Indeterminism.™ If
real estate is—as it appears to be—clearly
out of reach of the First Stage Indeterminism
of Modern Portfolio Theory (MPT), real estate
as an academic study is truly, and finally,
distinguished from finance.

With any paradigm shift there are benefits
and costs. We will address those below.

The 21st Century Case for the Stable
Hypothesis

A general stable distribution requires four
parameters to describe it:

e The index of stability or characteristic
exponent o € (0,2],

e The skewness parameter 8 €[-1,1],
e The scale parameter y > O,
e The location parameter 6 eR.

However, before we embark on this journey

it is useful to accept a few things. In no
special order the warts on the stable hypoth-
esis that remain are:

1. There is no closed form solution that
results in a pdf for any but three (Levy,
Cauchy, and normal) stable
distributions. Two of these (Levy and
Cauchy) are not useful for financial
applications.?® Thus, the relaxation of
the assumption of normality means that
all pdfs will be produced in the transform
space of the characteristic function.
While this was once a vexatious under-
taking, with a gigabyte of RAM on
everyone’s desk, it is no longer really a
problem.?'

2. The parameters of the stable character-
istic function are not independent. Al-
though stable laws are additive and
shape retaining under linear transforma-
tion (two useful properties when one
wants to “normalize” the scale and lo-
cation parameters), all four parameters
must be considered together.

3. There is at present no way to prove that
a data set is stable. Very reliable tests
(such as Jarque-Bera) exist to prove
that data are nonnormal. There is a test
for infinite variance*® and graphical
tests® to indicate stable behavior.

4. The stable ch. f. may be described by
multiple parameterizations. There are at
least four and perhaps 11 of these
{Nolan, in press), each offering different
benefits. Perhaps all but two are the
domain of the theoretical mathematician.
Of these two, one is better for theoreti-
cal work as it is continuous in all four
parameters and the other is better for
applied work as one of the parameters,
8, is the mean.
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5. For nonnormal stable distributions, in
the limit no higher moments exist. No
variance means no covariance, no ef-
ficient sets or frontier with all the reper-
cussions that entails for the Capital As-
set Pricing Model (CAPM).?* All is not
lost, however. Fama and Miller observed
that using bounded sets one always has
a variance and the cure for heavy tails
was merely more assets than indicated
by the MPT under the assumption of
normality. However, a—the index of tail
thickness—is an exponent. Thus as it
declines away from the normal (the case
of & = 2) an exponentially growing, and
for real estate an unrealistically high,
number of assets is required to maintain
a constant level of risk.

6. Analysis requires large datasets. While
it is possible to work with stable laws
where n<1000, the result is wide confi-
dence intervals. Ideally, work with stable
laws starts with data sets >2000, often
a difficult bar for real estate to clear.

7. Lastly, and perhaps the most fatal for
applying the finance paradigm to real
estate, is that while efficient set math-
ematics can be performed on finite sets,
one really does not know what it means
to place a four parameter model in two
parameter space just to produce a
“frontier,” efficient or not.

Perhaps the only useful result of this
exercise is to show that the stable frontier
always plots to the right of the normal equiv-
alent, underwriting the notion that the normal
assumption understates risk. But basic
statistics presume a sample is drawn from a
larger, unobservable population. If assump-
tions are made about that population, those
assumptions are usually about its limiting
distribution. To presume that the population

is stable and then to perform efficient set
mathematics on a sample from it using vari-
ance and covariance as if the population from
which it was drawn were normal is, at best, a
kludge.

Toward A New and Better Paradigm for
Real Estate

As Friedman® famously reminded us, the
importance of a theory is not that it always
be correct but whether it helps us make use-
ful predictions. With that in mind, if the
preponderance of the evidence is that real
estate has heavy tails, and that the tails are
too heavy to be ignored,?® one now faces the
unappetizing choice of using an elegant
paradigm that always provides a solution but
is always wrong or using a paradigm that oc-
casionally does not provide a solution at all
but when it does is more accurate. Such is
the dilemma facing academic real estate
today.

The most radical position one might take is

_that it is and always was misguided to form

real estate portfolios at all. Young and Graff?
make the point that site specific risk is so
important that failing to fully consider it as
part of the acquisifion process can be the
perverse result of expending effort to form
portfolios to lower risk when risk either can’t
be lowered or is lowered by a very little rela-
tive to the time (and related management dif-
ficulties) associated with forming a portfolio.
Brown?® takes an even more extreme counter
position for noninstitutional size property in
private hands claiming that real estate is the
domain of the individual entrepreneur whose
primary goal is and should be not to diversify
at all but to put all his eggs in one basket
and watch that basket!!

Somewhere in the middle lies the truth.
Diversification clearly has benefits, especially
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in a mixed asset portfolio. Whether strict
Markowitz gains from diversification are avail-
able is in doubt. However, no one should
doubt the simple street wisdom that preceded
Markowitz: Spreading the risk around makes
good sense. The question facing academia is
similar to that facing practitioners: How much
more effort should be expended further
wearing the MPT rut smoother and shinier
when it is not likely to take us any deeper?

The beginning point of new thought, alas,
is not new. Skewness and kurtosis have
existed for a long time. They just are as-
sumed away for tractability in most theoreti-
cal settings where the normal assumption is
convenient. Suppose we argue that the re-
laxation of the assumption of normality
permits tripling the number of parameters
used to describe risk.? Is this a new defini-
tion of risk? Not really, we are just permitting
the view to include extreme values concen-
trated in the either tail.** And why shouldn’t
we? Real players with real money cannot af-
ford to assume away reality, especially a
particularly dangerous one. The Street sees
numerical methods not as leprosy but as a
practical solution to a problem, something
they resort to every day. If repeated trials
produce better predictions, practitioners are
little concerned of the fine points of a theory’s
elegance or lack thereof.

Fifty years after MPT it may be ludicrous
to try to explain the investing world with two
numbers. It may be only half as ludicrous to
try to do so with four. However, the wider
view of risk will not be denied. Perhaps the
best use of stable laws is in looking not at
groups of assets but entire markets. If the
Milwaukee apartment market has an o of 1.5
and a f§ of .7 does it offer more opportunity
than the Omaha market with an o of 1.8 and
a zero B7? Is it too much of a stretch to view
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regions as collections of assets that may not
be possible to acquire as an entire portfolio
but attractive or unattractive target markets
in which to expose oneself to a certain level
of risky activity?

Regardless, we now know that MPT in its
usual incarnations does not work for real
estate as we once thought it might. Where
we go from here becomes the interesting ac-
ademic real estate challenge of the new
century.
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